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Introduction

THE calculation of flow around and in the wake of hyper-
sonic re-entry vehicles has renewed interest in the de-

velopment of laminar boundary layers. Although many
numerical techniques are available to compute the laminar
boundary-layer development, it should be of value to have a
simple technique to predict the shape of the velocity dis-
tribution at a given location. A recent study of subsonic
laminar separation1 has led to an accurate empirical repre-
sentation of laminar velocity profiles approaching separation.

Analysis

The laminar velocity profile is represented in terms of the
freestream pressure distribution and the Blasius flat plate
boundary-layer function. The form of the equation is also
determined so that the proper pressure gradient requirements
at separation are met. The general velocity profile is as-
sumed to have the form

u/U = A + Bf + (1)
in which A, B, C, and n(n > 1) are functions of x only, /' is
the Blasius solution of flat plates, and U is the velocity outside
the boundary layer. The boundary conditions for the profile
are

at y = 0
u = U at y

where rw is the wall shear stress and p is the density of the
fluid. The constant A = 0, and B = 1 — C. The relation

rb [ 0.0104
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Fig. 1. Relation of TW/TO and x2Cp(dCp/dx)2.

Received July 5, 1967.
* Graduate Assistant.
t Professor, Engineering. Member AIAA.

(1) must satisfy the exact Blasius zero pressure gradient
solution; thus

B =

where nU(U/vx)ll*f"(G) = rb, the flat plate wall shear stress.
Equation (1) can now be written as

u/U = (ru;/n)/' + U - (r./T6) ](/')" (2)

The quantities (r^/n) and n must now be expressed in terms
of the external flow conditions. Curie2 gives a relation be-
tween rw and Tb in terms of the external pressure gradient.

x*Cp(dCp/dx)2 = 0.0104[1 - (rw/r6)]3[l + 2.02(rw/r6)] (3)

Equation (3) is plotted in Fig. 1 and can be emploj^ed in Eq.
(2). However, due to the complex nature of Eq. (3), it is not
convenient to use. An approximate relation

(4)0.0104

is also plotted on Fig. 1 and is employed with Eq. (2).
For the zero pressure flow the profile must reduce di-

rectly to the Blasius profile and for the separation case Eq.
(2) becomes

u/U = en- 0 (5)

Thus, n must have a value greater than one. Stratford3 has
demonstrated that the laminar velocity profile at separation
depends upon CPs, where CPs is the pressure coefficient at
separation found from Eq. (3) when rw = 0. The power n
wras assumed to have the form

n = 1 + (6)

The constants a and b were selected to give the best fit of
Eq. (5) to the separation profiles given by Tani4 for the flows
Ui = 1 — Xm (where m = 1,2,4, and 8). Figure 2 compares
the calculations from Eq. (5) for a = 1.74 and b = 0.4 with
the separation profiles of Tani.
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Fig. 2. Comparison of the laminar boundary-layer separ-
ation velocity profile with exact solutions.
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Fig. 3. Comparison of the approximate velocity profile
with the computer solutions for the t/i = 1 — (x — 0.4).

The complete equation for the mean velocity distribution
of laminar boundary layers can be written as

2" 1/2

0.0104

0.0104

Equation (7) is compared with a family of velocity profiles
obtained from a computer solution1 of the flow U\ = 1 —
(x — 0.4). This flow has a Blasius profile at x = 0.400 and
is only solved for the region beyond x — 0.400. The bound-
ary-layer thickness d used in Figs. 2 and 3 was taken at u/U =
0.995 as a convenient method of presenting the comparison.
The profile does not require a value of d for general evaluation.

Although early work on separation viewed the velocity
distribution as a unique profile, it is well-known that the
actual shape varies with the external flow. Liu and Sand-
born5 have demonstrated that the velocity profile form factor
at separation varies as a function of the pressure gradient.
Thus, the variation of the velocity profile, given by Eq. (5)
at separation, as a function of the pressure gradient is a
necessary requirement.

References
1 Liu, C. Y., "Boundary Layer Separation," Ph.D. disserta-

tion, 1967, Colorado State Univ., Fort Collins, Colo.
2 Curie, N., The Laminar Boundary Layer Equations, Oxford

University Press, London, 1962.
3 Stratford, B. S., "Flow in the Laminar Boundary Layer near

Separation/' R & M 3002, 1957, British Aeronautical Research
Council.

4 Tani, I., "On the Solution of the Laminar Boundary Layer
Equations," Journal of the Physical Society of Japan, Vol. IV,
1949, p.149.

5 Liu, C. Y. and Sandborn, V. A., "Evaluation of the Separa-
tion Properties of Laminar Boundary Layers," paper submitted
to The Aeronautical Quarterly, 1966.


